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A new uncertainty relation (UR) is obtained for a system of N identical entangled particles if we use 
symmetrized observables when deriving the inequality. This new expression splits in two parts: the 
first one is the traditional term that appears in Heisenberg's relation, but the second one represents 
the fact that we have entangled particles. Without entanglement the new inequality reduces to 
Heisenberg's uncertainty relation (HUR). 
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I. INTRODUCTION 

One of the most important consequences of Quantum 
Mechanics (QM) is a theoretical limit imposed in the si- 
multaneous measurement of canonically conjugated vari- 
ables. This limitation, first derived by Heisenberg |Q, 
departs from the classical belief that we can, in princi- 
ple, reduce the uncertainties in the measurements just by 
building more and more accurate measurement devices. 

Many experiments have checked, using a variety of 
canonically conjugated variables, the validity of the UR. 
No one has ever verified a violation of the inequality that 
imposes lower bounds in the product of the dispersions 
of the canonical variables. 

However, recently, an experiment |j] has suggested 
that we could have a violation of the UR. The interpreta- 
tion of the experiment is controversial. Some physicists 
H claim that we do not have a violation of the UR, but 
others J|| claim that the HUR, as we know it, cannot be 
consistently applied to explain the experimental results 
and that we need a generalized UR. 

In this article we derive a general UR for a system of N 
identical and entangled particles, which explicitly shows 
the correlations among the particles that constitute the 
system. Then we restrict the relation to the case of two 
and three entangled particles, where, using the Schwarz 
inequality, we obtain new lower bounds for the UR. 



II. IDENTICAL AND ENTANGLED PARTICLES 

A. IDENTICAL PARTICLES 

It is well know that when we deal with a system of 
N identical particles we should use (anti-) symmetrized 
wave functions to describe an ensemble of (fermions) 
bosons. We should also use physical observables [plpl, 
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defined as those that commute with the permutation ope- 
rators of the system. Mathematically, a physical observ- 
able must satisfy the following commutation relation: 



[O,P]=0, 



(1) 



where O is an observable and P is any permutation ope- 
rator of the system. 



B. ENTANGLED PARTICLES 

The state space of a system of N particles £ is the di- 
rect product of the state spaces £(i) associated with each 
particle individually. That is (we restrict ourselves to fi- 
nite dimension Hilbert spaces to simplify the arguments): 



N 



£ = S (1) <g> £ (2) <g> . . . (g> £ (N) 



)£(i). 



(2) 



The general state that describes the system is 

oo 

I*) = c n ... tN \l:u n )®...(g,\N:u lN ), (3) 

ix,...,i N 

where Ci x ...i n are the expansion coefficients of the state 
in the base {|1 : u^) ; . . . ; \N : Ui N )}. Here, a ket 
\n : Ui n ) means that we have particle n < N in the state 

A system of N particles is considered entangled if we 
cannot write the ket |^) as a tensor product of N kets, 
each one belonging to an individual particle. It means 
that we have a non-factorizable state: 

|*) ^ l^i}®...®!^). (4) 

It implies that Eq. (0) cannot be written as: 



ii 



■J2c tN \N : u tN ), (5) 



where Ci 1 , . . . , Ci N are the expansion coefficients of the 
non entangled state ® . . . ® \4<n) in the base 

{|1 : u h );...;\N : u lN )}. 
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III. NEW UNCERTAINTY RELATION 



But the commutator of Q and P is: 



A. N PARTICLES 

We know that any two operators, A and B, satisfy the 
following inequality: 



(AA) 2 (AB) 2 



> 



(6) 



where the AA and AB are the root mean square devi- 
ations of the operators A and B, in a given state, re- 
spectively. We now require that when deriving the un- 
certainty relation of an ensemble of N identical and en- 
tangled particles we should satisfy the conditions stated 
above about entangled and identical particles, that is: 

1. Use only physical observables. 

2. Use non-factorizable states. 

With only these two assumptions, which represent 
mathematically, in the simplest form, the fact that we 
are dealing with a system of N identical and entangled 
particles, we shall obtain a new uncertainty relation that 
generalizes the traditional HUR. 

Let us begin the derivation of this generalized uncer- 
tainty relation(GUR) defining the physical observables 
that we should use in Eq. (^). In the state space £(i) of 
the particle i we have the position and the momentum 
observables, that is: Qi and Pi respectively. Restricting, 
for simplicity, to the one dimensional case when treating 
a system of N particles we use the extended observables 
defined below: 



Qi — 1i 



Pi=Ii 



Qi 



®Pi 



(7) 



(8) 



where li is the identity operator in the state space of 
particle i. It is easily shown that these observables do 
not commute with the permutation operators defined in 
the state space of the N particle system. We need, then, 
to create a pair of physical observables that should be 
used in the derivation of the uncertainty relation. This 
pair of physical observables is written below: 



Q = Qi 



P = Pi 



Q 



N- 



P 



iV, 



(9) 



(10) 



where Qi and Pi are the extended observables defined 
in Eqs. (0), @. Using these two physical observables in 
Eq. (0) we get: 



(AQ) 2 (AP) 2 > 



[Q,P\) 



(ii) 



[Q, P] = [Qi, Pi] + . . . + [Qn, Qn] = iNh, (12 
Then, Eq. ( |IT|) becomes: 

N 2 h 2 



(AQY(APy > 



(13) 



If we define the quantum covariance function(QCF) for 
the position and for the momentum as follows H: 



C Q (i,j) = {QiQ J )-(Qi)(Q j ), 

C P (i,j) = {P i P j )-(P i )(P j ), 
we can rewrite Eq. (p~3[) : 



N 



N 



J2 c Q (ij) J2 c r&i) > 



2*2 



(14) 



(15) 



(16) 



But we know that Cq(z, i) = (AQi) 2 and that Cp(i, i) 
{APi) 2 . Then Eq. @ reads: 



N N 



i=l 



N N 

i^3 = l 



2*2 



N 2 h 



(17) 



1=1 



This is the GUR that we should use when working with 
a system of N entangled and identical particles, where 
we see entanglement by the non- vanishing QCF ||. We 
clearly see that in this expression we get two terms for 
each physical observables. For position X)i=i (^-Qi) 2 is 
the traditional term that appears in HUR. The other one, 
IZfay=i Cq(*i i)> i s l ne term that shows the correlations 
among all the particles that belong to the system. If we 
could factorize the state describing the system this term 
would be zero and we would recover HUR. It is worthy 
noting that A. C. de la Torre, P. Catuogno and S. Fer- 
rando Q had already obtained the QCF, in a different 
context. They proved that the QCF vanishes if, and only 
if, the system is separable. As entanglement of identical 
particles implies non-separability, the QCF does not van- 
ish in Eq. ( [l7| ) and we do have an uncertainty relation 
that is different from Hcisenbcrg's. 



B. TWO PARTICLES 

We now restrict the GUR for the case of two particles. 
The Eq. dTl) becomes: 



(AQi 



(AQ 2 ) 2 



{(QiQa) ~ (Qi) (Qa» 



2 



(APx) 2 | (AP 2 ) 2 



((P 1 P 2 )-(P 1 ){P 2 )) 



> 



(18) 



We simplify further Eq. (Q) invoking the Schwarz in- 
equality: 



((fX | Ifi!) (ip 2 | <P2) > (tfl I ¥>2> <<^2 I Vl> 



(19) 



where \ipi) e <^ 2 ) are two generic states. As Eq. ( |l9| ) is 
valid for any state, then for the two states defined below: 



l^i) = (Qx±Q 3 )\il>), 



(20) 



(21) 



where represents the normalized wave function that 
describes our system of two particles, we obtain from 
Eq. @: 

I {Q1Q2} ~ (Qi) (Q2) I < + (22) 

The same reasoning can be used for the momentum ope- 
rator and we get a similar expression: 

I (P1P2) - (Pi) (P2) I < i^pl + i^L. (23 ) 

Analyzing Eq. (^), (|2^) we see that the absolute value 
of the QCF for the position and for the momentum is 
always less than the mean of the dispersions in position 
and momentum of the two particles. Hence, wc have 
an upper bound for the QCF. Substituting these upper 
bounds in Eq. (Ill) we get: 



[(AQ1) 2 + (AQ 2 ) 2 ] x [(APx) 2 + (AP 2 ) 2 ] > —. (24) 

This last expression should be the correct uncertainty 
relation when treating an entangled pair of identical par- 
ticles. 

An interesting case arises when we produce an entan- 
gled pair of identical particles with the same dispersion 
in position and in momentum. (This should be done in 
a symmetric experimental set-up where photons are pro- 
duced by spontaneous parametric down conversion and 
the experimenter uses coincidence circuits to detect both 
photons at the same time.) Using this assumption, where 
AQi = AQ 2 and A Pi = AP 2 , Eq. (pj) becomes: 



AQ l AP l > -, 



(25) 



where 1=1,2. 

Here we clearly see that the GUR can be twice smaller 
than the traditional HUR. 



C. THREE PARTICLES 

For three particles Eq. ( |i~7| ) reads: 

3 3 
^(AQ. i ) 2 + £ C Q (i,j) 

£(AP 4 ) 2 + C P (i,j)} > 

1 i^j=i 



9/r 



(26) 



Again we can apply the Schwarz inequality, Eq. (JTs|) , 
to simplify the above equation. We now substitute the 
following two states in Eq. (|l9|): 



(27) 



\<Pi) = (aiQi + CL2Q2 + C13Q3) \4>) , 



where dj = ±1, i = 1, 2, 3. 

Thus, the Schwarz inequality becomes: 



(28) 



((aiQi + a 2 Q 2 + a 3 Q 3 ) 2 ) 



> 



((aiQi + a 2 Q 2 + a 3 Q 3 )) (29) 
Manipulating Eq. (E9I) and using that a- = 1 we get: 



3 3 



3 3 

\2 



E<^> 2 + E {Qi) (Qi)- 



(30) 



Using the fact that (AQi) 2 = (Q 2 ) - (Qi) 2 , Eq. @ 
reduces to: 



3 3 
]T(AQ,) 2 > - E "<"/'<»•:'•./:■• 



(31) 



For ai = lca 2 =a 3 = -l Eq. ( J3l| ) is: 

3 

^(AQ 2 ) 2 > 2(C q (1 ) 2)+C q (1,3)-Cq(2,3)). (32) 

i=l 

For 02 = leai=a 3 = -l Eq. ( J3l| ) is: 

3 

^(AQ 4 ) 2 > 2(C Q (1,2)-C Q (1,3)+C Q (2 ! 3)). (33) 

z=l 

For a 3 = 1 e a± = a 2 = — 1 Eq. ( |3T| ) is: 



3 



]T(AQ,) 2 > 2(-C Q (l,2) + (7 Q (l,3) + Cg(2,3)) 



(34) 



(35) 



Adding Eqs. (gg), (g3p, (|f we get: 

3 

2(C Q (1,2) + C Q (1,3) + C Q (2,3)) < 3^(AQ, 

i=l 

Now, for a\ = a 2 = = 1 Eq. ( |3l| ) is: 

3 

2(Cq(1,2)+C (1,3) + C q (2,3)) > -]T(AQ,) 2 



(36) 

Combining Eqs. (^5|), ( |36| ) we get the following expres- 
sion: 

3 3 3 

i— 1 — \ i—1 

A similar procedure leads to an equivalent expression 
for the momentum: 



-£(AP0 2 < ^ C P (i,j) < 3^(AP,) 2 - (38) 

i— 1 — 1 i—1 

These two inequalities furnish upper bounds for the QCF 
that appear in the GUR for three entangled particles. 
Substituting the upper bounds of Eqs. (|37|), d38| ) in 
Eq. (E6I) we get the lowest possible value for the left side 
ofEqTEej): 



9r 



(39) 



This is the GUR that we should use when working with 
three entangled particles. Again an interesting case arises 
when all the three particles are prepared with the same 
dispersions in position and in momentum. Therefore, if: 



AQi = AQ 2 = AQ 3 

APi = AP 2 = AP 3 , 
Eq. ( |39| ) becomes: 

AQi APi > §, 



(40) 



(41) 



(42) 



where i=l,2,3. 

In this case the departure from HUR is more drastic. We 
have a lower bound in the product of the dispersions four 
times smaller than that furnished by HUR. 



IV. DISCUSSION 

The above results deserve careful attention. They sug- 
gest that we can, using entangled and identical particles, 
beat the HUR. This fact has important experimental and 
theoretical consequences. 

Experimentally, we can have beams of entangled pho- 
tons or electrons with greater resolution. We can gener- 
ate extremely collimated beams of particles that should 
be used in quantum lithography, increasing, for instance, 
considerably the number of elements of circuits that 
should be recorded in a silicon chip ]Ioj . 

We can also use these systems of entangled particles to 
study domains of physics which require probes with high 
precision in position and momentum. 

Theoretically, as we get lower and lower bounds for 
the uncertainty relations by increasing the number of en- 
tangled particles, we speculate that the product of the 
dispersions should approach zero for an infinite set of 
entangled particles. This would imply the possibility of 
having zero dispersion in position and momentum. 

This fact suggests that entanglement could be respon- 
sible for the transition from QM to the classical world. As 
more and more particles get entangled they begin to act 
as classical particles, extremely localized, with infinitesi- 
mal dispersions in position and momentum. The correct 
approach to get classical mechanics from QM would be 
the entanglement of an extremely high number of parti- 
cles, an approach, perhaps, equivalent to the decoherence 
point of view. 



V. CONCLUSION 

In this article we tried to show that when dealing with 
N identical and entangled particles we should use a new 
UR. This new UR is a natural consequence of two rea- 
sonable assumptions we make when treating such system, 
that is: use only non-factorizable states and physical ob- 
servables to deduce the UR. 

The first assumption is a definition of entanglement 
HQ and the second one appears because we are dealing 
with identical particles |||(|. 

In some special conditions we have shown that for two 
and three particles it is possible to obtain UR's that 
have lower bounds than that furnished by the traditional 
HUR. 
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